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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL NOTE D - 8 1  

METRODS AND VELOCITY REQUIREMENTS FOR THE RENDEZVOUS 

OF SATELLITES I N  CIRCUMPLANETARY ORBITS 

By W i l l i a m  E .  B r u n k  and Richard J. Flaherty 

SUMMARY 

I n  the  fu ture  of space f l i g h t  there w i l l  be occasions when it i s  
necessary t o  perform a rendezvous between two s a t e l l i t e s  i n  o r b i t  around 
a planet .  For a spherical  planet  methods of rendezvous a re  considered 
i n  which the  t o t a l  veloci ty  required is  kept near a minimum. 
assumed t h a t  only one of  t h e  s a t e l l i t e s  i s  maneuverable and t h a t  all 
veloc i ty  increments are applied tangent ia l  t o  t h e  o r b i t .  The problem 
i s  f u r t h e r  s implif ied i n  t h a t  the  rendezvous takes place outside t h e  
atmosphere and the  motion of each s a t e l l i t e  i s  determined from a solu- 
t i o n  of t h e  two-body problem. Two bas ica l ly  d i f f e r e n t  s e t s  of i n i t i a l  
conditions a re  studied. I n  the f irst ,  t h e  maneuverable s a t e l l i t e  i s  
launched d i r e c t l y  i n t o  t h e  rendezvous, while, i n  the  second, both s a t e l -  
l i t e s  a r e  i n  o r b i t  before a rendezvous i s  attempted. 
l i k e  some of t h e  o ther  planets ,  i s  not spherical ,  t h e  e f f e c t s  of t h e  
E a r t h ' s  oblateness on t h e  methods of rendezvous are  presented. 

It i s  

Since the Earth, 

INTRODUCTION 

One of the  problems t h a t  w i l l  a r ise  i n  space f l i g h t  i s  the del iber-  
a t e  meeting of  two or more s a t e l l i t e s .  Such a meeting i s  desirable  f o r  
many reasons. It w i l l  be necessary f o r  the  t r a n s f e r  of personnel and 
suppl ies  from the  Earth t o  a semipermanent space laboratory o r  f o r  the  
assembling of subsystems f o r  the construction of e i t h e r  a permanent sat- 
e l l i t e  base or l a r g e  interplanetary expeditions. 
t a r y  fl- ight becomes a r e a l i t y ,  s i tuat ions may a r i s e  where it would be 
des i rab le  t o  explore the surface of other planets  from smaller space ve- 
h i c l e s  launched from the la rge  interplanetary vehicle which remains i n  
o r b i t  outside the atmosphere of the planet. Recovery of t h e  exploring 
vehicles  w i l l  necess i ta te  a meeting with the  orb i t ing  vehicle. I n  r e f -  
erence 1 it is  shown t h a t  considerably l e s s  t o t a l  weight i s  required for 
a manned interplanetary t r i p  if the crews a r e  returned t o  the surface of 
t h e  Earth i n  s m a l l  ferrying space vehicles launched from the Earth r a t h e r  
than by landing t h e  interplanetary vehicle. 

When manned interplane-  
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The type of meeting required f o r  t h e  previous examples w i l l  be 
c a l l e d  rendezvous. It d i f f e r s  from a c o l l i s i o q  i n  t h a t  i d e a l l y  there  
w i l l  be no impact. I n  *an i d e a l  rendezvous the  o r b i t s  of the two ve- 
h i c l e s  are ident ica l ,  while i n  a c o l l i s i o n  the o r b i t s  may be d i f f e r e n t  
but must in te rsec t .  

Y 

r 

Although a rendezvous can be performed between any number of ve- 
h i c l e s ,  the problems are  presented more c l e a r l y  by considering a rendez- 
vous between two vehicles. I n  t h i s  repor t  the problem of rendezvous be- T 
tween two vehicles i s  presented. Certain assumptions a r e  made which, 
while l imit ing the  usefulness of t h e  results, enable the  basic  ideas  and N 

w 
ro 

methods t o  be more e a s i l y  understood. This report  i s  intended t o  pre- 
sen t  t h e  general problem ra ther  than a de ta i led  analysis of s p e c i f i c  
cases. A study of t h i s  type gives an indicat ion of both the  ve loc i t ies  
and times required t o  perform a rendezvous. This information i s  useful  
i n  estimating propulsion and possibly guidance requirements. 

The problem considered i s  t h a t  of an i d e a l  rendezvous i n  which t h e  
motion of each of the  t w o  vehicles i s  the same as i f  t h e  other  were not 
present,  t h a t  i s ,  there  i s  no a t t r a c t i o n  between t h e  two vehicles.  I n  
the  actual rendezvous a gravi ta t iona l  a t t r a c t i o n  e x i s t s  between the  two 
vehicles which tends t o  p u l l  them together.  This e f f e c t  i s  only appre- 

very s m a l l .  It is  also assumed t h a t  t h e  vehicles are superimposed when 
t h e  rendezvous i s  completed. The rendezvous i s  t o  be performed outs ide 
the  atmosphere, and all velocity increments given w e  assumed t o  be exact 
both i n  magnitude and direct ion.  

c i a b l e  when the vehicles a r e  very close t o  each other  and even then i s  3 

Since t h e  motion of a s a t e l l i t e  i s  determined by the gravi ty  f i e l d  
i n  which it t rave ls ,  it i s  necessary t o  assume some force f i e l d .  For 
simplicity,  a n  inverse-square, c e n t r a l  force f i e l d  is assumed correspond- 
ing t o  a spherical  planet.  Since t h i s  assumption i s  not exact i n  t h e  
case of the Earth, which has nearly t h e  shape of an oblate  spheroid, the  
e f f e c t s  due t o  the Ear th ' s  oblateness on t h e  presented methods of rendez- 
vous a r e  considered. 

There are a number of reports ,  such as references 2 t o  7, which 
touch on one or more of the  ideas presented herein.  

RENDEZVOUS 

The problems involved i n  performing an i d e a l  rendezvous are  simply 
s t a t e d .  It i s  necessary t o  perform such maneuvers as required t o  place 
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two space vehicles at the same location i n  the same o r b i t .  A s  no re-  
s t r i c t i o n s  a re  placed on the  i n i t i a l  posi t ions of the  two vehicles,  
t h e r e  a r e  an unlimited number of d i f fe ren t  starting s i tua t ions .  
d i t i o n ,  there  a r e  an i n f i n i t e  number of possible t r a n s f e r  t r a j e c t o r i e s  
which might be used f o r  any given s i tua t ion .  
t o t d  number of p o s s i b i l i t i e s ,  cer ta in  r e s t r i c t i o n s  w i l l  be applied 
herein.  These r e s t r i c t i o n s  a re :  

I n  ad- 

I n  order t o  reduce t h e  
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(1) Only one of the vehicles w i l l  be maneuverable. 

( 2 )  Only those t r a n s f e r  o r b i t s  w i l l  be considered which keep t h e  
required veloci ty  close t o  a minimum. 

(3) With one exception, only impulsive t h r u s t  w i l l  be considered. 

(4)  Except f o r  plane changes, all veloc i ty  increments w i l l  be 
applied tangent ia l ly .  

R e s t r i c t i n g  the  maneuverability t o  only one vehicle i s  qui te  rea- 
sonable. If both vehicles were maneuverable, extra propellant would 
have t o  be car r ied  by both vehicles and a l so  t h e  o r b i t s  of both vehicles  
would be changed. I n  the case of smaller t r a n s f e r  vehicles bringing 
supplies t o  a space laboratory,  the  t ransfer  vehicle would do all the 
maneuvering so t h a t  t h e  laboratory would remain i n  i t s  or ig ina l  o r b i t .  
This r e s t r i c t i o n  would be especial ly  important i f  more than a s ingle  
rendezvous w a s  t o  be made. 

I n  any s e r i e s  of t r a n s f e r  o r b i t s  taken by the  maneuverable vehicle 
t o  complete a rendezvous there  are basical ly  two var iables ,  velocity in- 
crements needed and t o t a l  time required. I n  general, these var iables  
a r e  not independent; however, it may be possible  t o  f i n d  several  values 
of one f o r  a s ingle  value of the other. For example, there  may be several  
t r a n s f e r  t r a j e c t o r i e s  requiring d i f fe ren t  t o t a l  times t o  achieve a rendez- 
vous but all requiring the same t o t a l  veloci ty  increment. It is  possible  
t o  choose t r a n s f e r  o r b i t s  such t h a t  e i ther  t h e  t o t a l  velocity increment 
or t o t a l  time i s  a t  a minimum. Since, a t  present,  t h e  allowable amount 
of propel lant  i s  c r i t i c a l ,  t ransfer  orbi ts  for minimum t o t a l  ve loc i ty  
required a re  important. For the most p a r t ,  t h i s  i s  the  c r i t e r i o n  used 
herein.  However, f o r  c e r t a i n  s i tuat ions requir ing a rendezvous, the  
t r a n s f e r r i n g  of personnel, for example, t h e  t o t a l  elapsed time i s  c r i t -  
i c a l .  I n  such cases, t r a n s f e r  t r a j e c t o r i e s  requiring minimum t o t a l  t i m e  
might t a k e  precedence over minimum-energy t r a j e c t o r i e s .  There a r e  a l s o  
s i t u a t i o n s  where, because of an upper l i m i t  on both the allowable veloc- 
i t y  increments and t o t a l  time, a compromise t r a n s f e r  t r a j e c t o r y  must be 
used. 

The t r a n s f e r  t r a j e c t o r y  also depends on whether continuous or impul- 
s i v e  t h r u s t  i s  used. Res t r ic t ion  (3) indicates t h a t  t h i s  study i s  
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l imited,  with one exception, t o  impulsive t h r u s t .  Unt i l  continuous-low- 1 

t h r u s t  devices a re  developed t h a t  are  usable i n  space vehicles such as 
t r a n s f e r  vehicles,  it appears t h a t  short-duration rockets w i l l  have t o  
be used. A comparison i s  given herein between continuous t h r u s t  and i m -  
pulsive thrus t  f o r  rendezvous i n  one s p e c i f i c  case. 
t h a t  i n  t h i s  case the ve loc i ty  requirement i s  the  highest  f o r  continuous 
t h r u s t .  

The comparison shows 

I n  general, the  impulsive veloci ty  increment could be applied i n  
any direct ion with respect t o  the veloci ty  of the  space vehicle.  
when the new o r b i t  i s  t o  be i n  the same plane as the  o r i g i n a l  o r b i t ,  t h e  
veloci ty  increment must be given i n  t h a t  plane. Since ve loc i t ies  add 
vector ia l ly ,  the maximum change i n  resu l tan t  ve loc i ty  f o r  a given ve loc i ty  
increment i s  obtained when t h e  velocity increment is added tangent ia l ly .  
It can easi ly  be shown t h a t ,  i f  it i s  desired t o  t r a n s f e r  t o  an auxi l ia ry  
o r h i t  t o  change period or t o  t r a n s f e r  between two o r b i t s ,  a t  l e a s t  one of 
which i s  c i rcu lar ,  the  smallest  veloci ty  increment required i s  one applied 
tangentially.  Although t h i s  r e s u l t  i s  not always t r u e  f o r  a t r a n s f e r  be- 
tween e l l i p t i c  orb i t s ,  it can be s a i d  t h a t ,  i n  general ,  t angent ia l ly  ap- 
p l i e d  velocity increments a re  close t o  the  smallest  required and f o r  t h i s  
reason are the only ones considered herein.  

However, 

I n  s p i t e  of these r e s t r i c t i o n s ,  the  number of possible  i n i t i a l  con- i 
di t ions  makes the number of methods of rendezvous very large.  I n  order 
t o  reduce the  number of cases studied, the  i n i t i a l  conditions a r e  divided 
i n t o  two c lasses .  The first of these,  t o  be ca l led  d i r e c t  rendezvous, 
occurs when the  nonmaneuverable s a t e l l i t e  i s  i n  o r b i t  bu t  the  maneuver- 
able s a t e l l i t e  has not been launched. The second c l a s s ,  t o  be c a l l e d  
o r b i t a l  rendezvous, includes a l l  cases where both s a t e l l i t e s  are  i n  o r b i t  
previous t o  any rendezvous attempt. Since t h i s  second c l a s s  i s  very 
la rge ,  the method of analysis  w i l l  be the  following. The e n t i r e  proce- 
dure of rendezvous w i l l  be presented f o r  c e r t a i n  spec ia l  i n i t i a l  condi- 
t i o n s ,  while a discussion of possible rendezvous techniques i s  presented 
f o r  any i n i t i a l  conditions. 

Direct Rendezvous 

Basically, d i r e c t  rendezvous i s  the simplest of all methods of ren- 
dezvous. 
t h e  same o r b i t  as the nonmaneuverable s a t e l l i t e  a t  such a time t h a t  t h e  
two s a t e l l i t e s  w i l l  be a t  the  same point  when the maneuverable s a t e l l i t e  
en ters  orbit. 
t h a t  i s ,  only t h a t  veloci ty  required t o  put the second s a t e l l i t e  i n  the  
same orb i t ,  and i s  completed i n  the  shor tes t  possible time. Despite the  
apparent advantages i n  t h i s  type of rendezvous, d i f f i c u l t y  i n  s a t i s f y i n g  
t h e  necessary requirements makes it of ten  more d i f f i c u l t  t o  perform a 
d i r e c t  ra ther  than an o r b i t a l  rendezvous. 

It i s  performed by launching the maneuverable satel l i te  i n t o  

This method requires  t h e  minimum mount of t o t a l  veloci ty ,  
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Four requirements which must be m e t  i n  order t o  perform a d i r e c t  
rendezvous a re  : 

(1) The l a t i t u d e  of the  launching s i t e  must be no g r e a t e r  than the  
i n c l i n a t i o n  of the o r b i t  of t h e  nomaneuverable s a t e l l i t e .  

( 2 )  The maneuverable s a t e l l i t e  must be launched i n t o  an o r b i t  co- 
planar  with t h a t  of the  nomaneuverable s a t e l l i t e .  

(3) The o r b i t s  of both s a t e l l i t e s  must be i d e n t i c a l .  

(4) The maneuverable s a t e l l i t e  must coincide with the nonmaneuver- 
ab le  s a t e l l i t e  at t h e  point  where the former en ters  t h e  o r b i t .  

A t  any given l a t i t u d e  p ,  a s a t e l l i t e  can be launched i n t o  any 
o r b i t  having an inc l ina t ion  i greater  than or equal t o  p. (All 
symbols a r e  defined i n  appendix A.)  
i n c l i n a t i o n  may be i n i t i a t e d  from the equator, while only polar  o r b i t s  
a re  obtainable from polar launching s i t e s .  A s  shown i n  appendix B,' t h e  
cos t  of launching i n t o  a c i r c u l a r  orb i t  from a nonequatorial s i t e  i s  no 
grea te r  than from an equator ia l  s i t e ,  provided the  i n c l i n a t i o n  of t h e  
desired o r b i t  i s  not l e s s  than the l a t i t u d e  of t h e  launching s i t e .  

Thus, o r b i t s  having any desired 

If t h e  o r b i t  of the  nomaneuverable s a t e l l i t e  i s  outs ide t h e  p l a n e t ' s  
atmosphere and the planet  is  a sphere, then t h e  o r b i t  w i l l  remain "fixed" 
i n  space and the  planet  w i l l  r o t a t e  beneath it. However, f o r  a person 
standing on the planet ,  the  plane o f t h e  o r b i t  appears t o  r o t a t e  about 
t h e  axis of the  planet  and passes through each point  having a l a t i t u d e  
no g r e a t e r  than the inc l ina t ion  o f  the o r b i t .  With one exception, the  
o r b i t a l  plane passes through each point a t  l e a s t  twice during a s i d e r e a l  
day. A s i d e r e a l  day i s  defined as the length of time f o r  t h e  planet  t o  
complete a s ingle  r o t a t i o n  with respect t o  the stars. On t h e  Earth,  one 
s i d e r e a l  day is  equal t o  23h56m4.1s of mean solar time. The one excep- 
t i o n  t o  the  double passage of t h e  o r b i t a l  plane i s  at  t h e  poin t  where 
t h e  l a t i t u d e  i s  equal t o  the  incl inat ion,  and t h e r e  on ly  a s i n g l e  passage 
occurs. The time i n  s i d e r e a l  days between successive passages i s  given 
by 
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where cos 7 = t a n  p cot  i. If A t 1  i s  the  time between t h e  f i r s t  and 
second passages, At ,  
and so  for th .  For an equator ia l  o r b i t ,  = 0 so t h a t  cos 7 = 0; there-  
fore ,  At, = At, = 1/2. When i = P ,  cos = 1 so t h a t  Atl  = 0, and 
there  i s  only a s ingle  passage of the  o r b i t a l  plane. 
be launched i n t o  t h i s  plane every time the  plane passes over the  launch- 
ing s i t e .  Thus, coplanar launchings can, i n  general, be car r ied  out 
twice a day. 

i s  the  time between the  second and t h i r d  passages, 

A s a t e l l i t e  could 

M 
I 

CJ4 
c\) 

To ha-ve the o r b i t s  of both the  maneuverable and nonmaneuverable sat- 
e l l i t e s  ident ica l ,  it i s  necessary t h a t  the  maneuverable s a t e l l i t e  have N 
t h e  correct velocity and d i rec t ion  a t  entrance i n t o  o r b i t .  If  the non- 
maneuverable s a t e l l i t e  w a s  launched from t h e  same launching s i t e  and i n  
the  same d i rec t ion ,  dupl icat ion of the i n i t i a l  entrance conditions would 
be suf f ic ien t .  However, i f  the nonmaneuverable s a t e l l i t e  w a s  launched 
from a d i f fe ren t  launching s i t e  or i n  a d i f f e r e n t  d i rec t ion ,  the  desired 
i n i t i a l  conditions would, i n  general ,  have t o  be calculated.  

The fourth requirement can be met most simply by predeterminlng t h e  
period P for t h e  nonmaneuverable s a t e l l i t e .  Choosing the  period de ter -  
mines the s i z e  of the  semimajor axis s ince 

where a i s  t h e  semimajor axis and 1-1 i s  a 
To simplify the  analysis ,  it w i l l  be assumed 

constant f o r  each planet .  
here t h a t  all the s a t e l l i t e s ,  

including the nonmaneuverable one, a re  launched from the  same s i t e  and 
follow the same launching t ra jec tory .  However, the  four th  requirement 
can be met even i f  these assumptions are  not made. The analysis i s  sim- 
i lar but more involved than t h a t  given here. 

From the  discussion of t h e  second requirement, whenever i > p 
t h e r e  are two times a day when the maneuverable s a t e l l i t e  can be launched 
i n t o  the o r b i t  of  the nonmaneuverable s a t e l l i t e .  A t  one time t h e  maneu- 
verable s a t e l l i t e  must be launched i n  a northeaster ly  d i rec t ion ,  and a t  
t h e  other time it must be launched i n  a southeasterly direct ion.  This 
i s  shown i n  sketch ( a )  f o r  c i r c u l a r  o r b i t s .  The sphere i s  the  surface 
which contains the  s a t e l l i t e  o r b i t s .  The equator and north and south 
points  shown are  extensions of the p l a n e t ' s  equator and polar  axis.  
o r b i t  i s  shown a t  the two times t h a t  it crosses over the launching s i t e  
a t  0. The two points  A and B a re  the points  where a s a t e l l i t e  
launched f r o m  0 with the  assumed launching t r a j e c t o r y  w i l l  e n t e r  the  
o r b i t .  These are  c a l l e d  the north and south entrance points ,  respect ively,  
and for a given o r b i t  are f ixed  r e l a t i v e  t o  the launching s i t e .  

The 

The 



t o r  

nonmaneuverable s a t e l l i t e  i s  s a i d  t o  pass through an entrance point  when 
it i s  a t  point  A when on path cd or a t  point B when on path ab. 

I n  order t o  perform a d i r e c t  rendezvous it i s  necessary for t h e  non- 
maneuverable sa te l l i t e  t o  pass through an entrance point .  If the  non- 
maneuverable s a t e l l i t e  passes through one of t h e  entrance points  a t  
launching, it w i l l  pass again through the  same entrance point  i f  it i s  
an o r b i t  chosen t o  have a period P i n  s i d e r e a l  days where 

(3)  P = m/n (m,n a r e  in tegers )  

The period i s  the r a t i o  of t h e  number m 
n revolutions.  
applicable t o  e l l i p t i c a l  as w e l l  as c i rcu lar  o r b i t s .  

of s i d e r e a l  days t o  complete 
A l l  the  mater ia l  given thus far for t h i s  requirement is  

If only c i r c u l a r  o r b i t s  are  being considered, many other  periods 
8 e x i s t  for which a d i r e c t  rendezvous i s  possible. 

s a t e l l i t e  i s  launched i n  the  northeast  direct ion,  entrance point  A, i n  
t h e  northern hemipshere, it w i l l  pass through entrance point  B a t  some 
la te r  time i f  

If the  nonmaneuverable 

.' 
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(n + :)P = mT + At, 

where 

-1 s i n  13 a = cos (sin - i) (5) 

T is  one s iderea l  day and P i s  i n  s i d e r e a l  days. That i s ,  the time 
required t o  complete an i n t e g r a l  number of revolutions plus t h a t  f r a c t i o n  
of a revolution t o  go from l a t i t u d e  13 t o  l a t i t u d e  p again (see w 
sketch ( b ) )  must be equal t o  an i n t e g r a l  number of s i d e r e a l  days plus  the  

M 
I 

N 
N 

E quat o r  

time for  the  Earth t o  r o t a t e  through the angle 2q which from equation 
(1) i s  At,. 
e a s t  direct ion,  entrance point  B, it w i l l  pass through entrance point  A 
a t  some l a t e r  time i f  

I f  t h e  nomaneuverable s a t e l l i t e  i s  launched i n  the  south- 

(. - :)P = mT - Atl 

I f  the  launching s i t e  i s  i n  the  southern hemisphere, equation (4)  applies 
t o  a southeast launching and equation (6) t o  a northeast  launching. 

0 

Y 
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Orbi ta l  Rendezvous 

C i i  
cu 
M 

I w 

N 
I u u 

When both s a t e l l i t e s  are i n  orb i t  before an attempt i s  made t o  
rendezvous, the technique used w i l l  be ca l led  o r b i t a l  rendezvous. If 
the  i n i t i a l  o r b i t  of the  maneuverable s a t e l l i t e  i s  i n  the same plane and 
e n t i r e l y  within the  o r b i t  of the  nonmaneuverable s a t e l l i t e ,  the  t o t a l  
veloci ty  cost  can, i n  c e r t a i n  cases, be no grea te r  than f o r  a d i r e c t  
rendezvous. I n  other cases, especially when the  two s a t e l l i t e  o r b i t s  
a re  not coplanar, the  t o t a l  cos t  i n  velocity can be much grea te r  than 
f o r  a d i r e c t  rendezvous. 

I n  general ,  t o  rendezvous, there  are  four  maneuvers t o  be 
considered: 

(1) The o r b i t s  of t h e  two satell i tes must be made coplanar. 

(2)  The o r b i t s  must be made tangent a t  a point.  

(3) The periods must be a l t e r e d  so t h a t  t h e  s a t e l l i t e s  meet. 

(4)  The ve loc i t ies  must be made equal when the  s a t e l l i t e s  meet. 

These maneuvers w i l l  be discussed separately i n  t h e  following para- 
graphs. 
not be performed separately or even i n  the order given. 

It should be remembered t h a t  i n  many cases the  maneuvers w i l l  

Making Orbits Coplanar 

To change the o r b i t  plane of a s a t e l l i t e  by an angle y without 
a l t e r i n g  the  o r b i t a l  speed, it i s  necessary t o  apply a ve loc i ty  increment 

equal t o  2 s i n  - times i t s  veloci ty  perpendicular t o  t h e  radius a t  an 

angle of 90 + 7 with respect  t o  t h i s  veloci ty .  The ve loc i ty  require- 

ments f o r  various values of r are shown i n  f igure  1. These m u s t  be 
applied i n  a plane normal t o  the radius vector. There a re  two points  i n  
t h e  o r b i t  where a s , a t e l l i t e  could, with a s ingle  veloci ty  impulse, change 
from i t s  plane t o  a desired plane. These a re  t h e  points  where the or ig-  
i n a l  o r b i t  i n t e r s e c t s  the  desired plane. I f  the  s a t e l l i t e  ve loc i ty  per- 
pendicular t o  the  radius i s  lower at one of these points ,  it is  the  most 
economical one a t  which t o  make the  change unless t h i s  makes the follow- 
ing nianeuvers more cost ly .  I n  some cases, it i s  advantageous t o  change 
t h e  o r b i t  i n  the  i n i t i a l  plane before making a plane change. 

r 
Yo 
2 

I n  t h i s  report ,  ve loc i ty  increments i n  maneuvers except plane 
changes are  added tangent ia l ly ,  and only tangent t r a n s f e r  o r b i t s  a r e  
considered. Since v e l o c i t i e s  add vector ia l ly ,  the biggest  change i n  



10 

magnitude f o r  a given veloci ty  difference Av occurs when Av i s  
added or subtracted i n  the same d i rec t ion  as the  o r i g i n a l  veloci ty .  
rendezvous can be performed i n  l e s s  time by using nontangential t r a n s f e r  
o r b i t s ,  but these generally become cost ly  i n  power because of the  direc-  

t i o n  changes involved. This cost  i n  velocity i s  2 s i n -  2 times i n i t i a l  
speed i f  the i n i t i a l  speed i s  kept constant. 
requires  an addi t ional  veloci ty  0.1 times the  i n i t i a l  veloci ty .  

A 

Y 

A 5’44’ di rec t ion  change 

Making Orbits Tangent 

When t h e  o r b i t s  are  coplanar, it i s  necessary t o  change the  o r b i t  
of  the maneuverable s a t e l l i t e  t o  one tangent t o  t h a t  of the nonmaneuver- 
able s a t e l l i t e .  Some general equations t h a t  are very useful  are:  

(1) Semimajor axis of an o r b i t :  

P 
P 2  
r 

a =  
2 - -  v 

(2 )  Velocity for a c i r c u l a r  o r b i t :  

( 7 )  

1 

(3) Equation of o r b i t  i n  polar  coordinates I 

- = -  
h2 

n 

(9)  

L v Since h, the  angular momentum, and - - - the  total .  energy, a re  con- 

s t a n t  f o r  an o r b i t ,  all t h a t  a re  necessary t o  determine an o r b i t  a r e  the  
veloci ty  vector and radius vector at one point .  The angular momentum h 
i s  equal t o  the product of the  radial dis tance times t h e  ve loc i ty  perpen- 
d i c u l a r  t o  the radius.  

2 r” 

If the s a t e l l i t e s  a re  i n  two a r b i t r a r y  e l l i p t i c a l  o r b i t s ,  it i s  d i f -  
f i c u l t  t o  f i n d  an e x p l i c i t  solut ion f o r  the veldci ty  increment t o  be 
applied tangent ia l ly  a t  some point  on the  maneuverable-satellite o r b i t  
t h a t  would put t h e  s a t e l l i t e  i n t o  a t r a n s f e r  o r b i t  tangent t o  t h e  de- 

or ent i re ly  outside the o r b i t  of the  nomaneuverable s a t e l l i t e ,  the  tan- 
g e n t i a l  t r a n s f e r  o r b i t  could be s t a r t e d  a t  any point  i n  the maneuverable- 

s i r e d  orb i t .  I f  the maneuverable-satellite o r b i t  were e n t i r e l y  inside 8 

s a t e l l i t e  o r b i t .  However, i f  the o r b i t s  a re  in te rsec t ing ,  the  t r a n s f e r  J 
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.. 

cu cu 
M 
I w 

can be made only from c e r t a i n  portions of  the maneuverable-satellite 
o r b i t .  
on the  choice of the point  from which t o  start  the t r a n s f e r  o r b i t .  

The t o t a l  veloci ty  requirement f o r  the rendezvous i s  dependent 

For a given point  on the  maneuverable-satellite o r b i t ,  a tangent ia l  
t r a n s f e r  o r b i t  can be found by v a y i n g  t h e  magnitude of the tangent ia l ly  
applied veloci ty  increment. Properties of o r b i t s  t h a t  are  useful  a re :  

(1) Any two Keplerian orb i t s ,  conic sect ions,  cannot i n t e r s e c t  at 
more than two polnts unless the orb i t s  are ident ica l .  

( 2 )  If two o r b i t s  have only one in te rsec t ion  point  and a t  l e a s t  one 
of the  o r b i t s  i s  e l l i p t i c a l ,  t h e  o r b i t s  are  tangent a t  t h i s  point .  

The desired veloci ty  increrr,ent gives a r e a l  single-valued solut ion 
f o r  q+, t h e  angular dis tance from the perigee of the  t r a n s f e r  o r b i t ,  
when equating the r i g h t  s i d e  of t h e  orb i t  equation (9)  for the  t r a n s f e r  
o r b i t  t o  the  r i g h t  s ide of the  same equation f o r  t h e  nonmaneuverable- 
s a t e l l i t e  o r b i t .  
must be subs t i tu ted  for cpn, t h e  angular dis tance from the perigee of 
t h e  nonmaneuverable s a t e l l i t e .  Here w is t h e  angular distance from 
the  perigee of the t r a n s f e r  o r b i t  t o  the perigee of the  nonmaneuverable- 
s a t e l l i t e  o r b i t  ( see  sketch ( c ) ) .  

To account f o r  the  or ien ta t ion  of these o r b i t s ,  ‘ p ~  - w 

Tangent point  between t r a n s f e r  o r b i t  
and nomaneuverable-satell i te o r b i t  

r T r a n s f e r  o r b i t  

I 

I 
\ 
\ 
\ 

I n i t i a l  o r b i t  of 
maneuverable s a t e l l i t e  

Nonmaneuverable- 
s a t e l l i t e  o r b i t  
perigee 

Y 

t r a n s f e r  and i n i t i a l  maneuverable- \ 
s a t e l l i t e  o r b i t s  

(4  
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If the tangent ia l  veloci ty  i s  varied a t  one of t h e  apsides (perigee e 
o r  apogee), cu 
c i r c u l a r  velocity. 
cu, t h a t  i s ,  what w a s  the perigee point would become the  apogee or vice 
versa. If t h e  ve loc i ty  i s  not varied a t  an apsis ,  w must be recalcu- 
l a t e d  for each velocity increment t r i e d .  When the tangent ia l  t r a n s f e r  
o r b i t  i s  t o  be i n i t i a t e d  at an apsis  (see sketch ( c ) ) ,  a good veloci ty  
t o  start the  solut ion with would be the  veloci ty  which would put the  
other  apsis on the nonmaneuverable-satellite o r b i t .  This veloci ty  can 
be easi ly  obtained (see next paragraph) and would give a tangent ia l  
t r a n s f e r  o r b i t  i f  If u) f Oo or 180°, t h i s  veloci ty  
gives a velocity s l i g h t l y  higher than t h a t  required f o r  a t angent ia l  
t r a n s f e r  o r b i t .  
reducing t h i s  veloci ty  u n t i l  a r e a l  single-valued so lu t ion  for 
found. For spec ia l  cases, e x p l i c i t  solut ions f o r  the  veloci ty  require- 
ments t o  t r a n s f e r  between o r b i t s  can be determined. 

w i l l  s t ay  constant unless t h e  velocity i s  varied through 
I n  the l a t t e r  case, there  would be a 180' change i n  

w = 0' o r  180'. 

The cor rec t  veloci ty  f o r  the  t r a n s f e r  can be found by 
i s  ' p ~  

If the major axes of the  maneuverable- and t h e  nonmaneuverable- 

If at l e a s t  one of 
s a t e l l i t e  o r b i t s  f a l l  on t h e  same l i n e  (w = 0' or 180°), the  ve loc i ty  
requirement can be determined from equation ( 7 ) .  
the  orb i t s  i s  c i rcu lar ,  t h i s  requirement i s  met automatically. 
be t h e  major axis of the  tangent t r a n s f e r  o r b i t  (see sketch (a)). 

Let  9 

From equation (7 )  



cu cu 
m 

t w 

Solving f o r  vT,b gives 
, 

The Av t o  be added a t  distance b t o  change the  s a t e l l i t e  from o r b i t  
1 t o  the t r ans fe r  o r b i t  is  

Similar ly ,  the Av which would put the s a t e l l i t e  i n  ,orbi t  2 i n t o  the  
t r a n s f e r  o r b i t  a t  distance d i s  

where 

The equations are general, and i n  sketch (a) o r b i t s  1 and 2 could a l so  
be dram as intercept ing,  with the  c i r cu la r  one on the  inside,  or  with 
both e l l i p t i c  with t h e i r  major axes on the  same l i n e .  However, b and 
d must always be i n  opposite direct ions on the  major axis  of the  t rans-  
f e r  o r b i t .  

I n  t ransfer r ing  between e l l i p t i c a l  and c i r c u l a r  o r b i t s ,  the  sum of 
t he  two veloci ty  increments w i l l  be a minimum i f  t h e  following ru les  are 
adhered tor  

(1) If the apogee of t he  e l l i p t i c a l  o r b i t  is  less than the  radius 
of the  c i r c u l a r  o rb i t ,  the t r ans fe r  should be made t o  o r  from perigee. 

( 2 )  If the  apogee i s  grea te r  than the radius of t h e  c i r c l e ,  the  
t r a n s f e r  should be made t o  o r  from apogee. 

Altering the Period t o  Make S a t e l l i t e s  Meet 

When the o r b i t s  of the maneuverable and nomaneuverable satellites 
a re  tangent, it i s  necessary t o  bring the two s a t e l l i t e s  together  at 
the  point  of tangency. For example, suppose t h a t  a t  some time the  maneu- 
verable s a t e l l i t e  w i l l  pass through the tangent point  3 minutes a f t e r  t h e  
nomaneuverable s a t e l l i t e .  I f ,  a t  the time it passes t h e  tangent po in t ,  
the  maneuverable s a t e l l i t e  is  put in to  a new o r b i t  with a period 3 min- 
u t e s  less than t h a t  of the nomaneuverable s a t e l l i t e ,  both s a t e l l i t e s  
w i l l  meet on t h e i r  next pass through the tangent point. If the  new 
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period were 1.5 minutes l e s s  than t h a t  of the  nonmaneuverable s a t e l l i t e ,  
the  two s a t e l l i t e s  would meet a f t e r  two revolutions.  
pressed as 

.I 

This can be ex- 

A t  
Pn - PT = NT 

where PT i s  the  period of the  new t r a n s f e r  o r b i t  t o  make up the time 
difference A t  i n  Nr revolutions.  The time difference A t  i s  taken M 
as posi t ive i f  the nonmaneuverable s a t e l l i t e  leads the  maneuverable sat- 
e l l i t e  past the tangent point.  

I 
w 
rz) 
rJ 

I f  two s a t e l l i t e s  are i n  tangential. but not i d e n t i c a l  o r b i t s ,  t h e i r  
I n  t h i s  case, the  t o t a l  ve loc i ty  required t o  periods w i l l  be d i f fe ren t .  

complete the  rendezvous can be made as low as t h a t  required t o  t r a n s f e r  
between the o r b i t s .  The s a t e l l i t e s  should remain i n  t h e i r  i n i t i d .  tan- 
g e n t i a l  o r b i t s  u n t i l  t h e  longer period s a t e l l i t e  i s  i n  the lead  with the  
difference i n  time of passage of the  tangent point l e s s  than t h e  d i f f e r -  
ence i n  periods. 

Since the  period of the  maneuverable s a t e l l i t e  must be e l t e r e d  a t  
the  time it passes t h e  tangent point ,  it i s  necessary t o  know i n  advance 

i n  i t s  orb i t  must be known at  some spec i f ic  time. The time for each of 
the  s a t e l l i t e s  t o  t r a v e l  from t h i s  loca t ion  t o  the  tangent point  can be 
obtained from a knowledge of the  time required t o  reach each of the  
points  from the perigee point.  
point  a t  dis tance r i s  

t h e  value of At .  I n  order t o  obtain A t ,  the  loca t ion  of each s a t e l l i t e  t 

The time of f l i g h t  from perigee t o  a 

3 / 2  
TD 

.L 

2 3 / 2  t =  +-) .VPrP P 
- - - I  

P 

=t 

where the - i s  used up t o  t h e  apogee point  and + is  used a f t e r  apogee. 

I n  terms of the periods of the  maneuverable and t r a n s f e r  o r b i t s ,  
Av t h e  t o  be added a t  the  point  of tangency t o  a l te r  the period i s  
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t from equations ( 2 )  and ( 7 )  where r is t h e  dis tance of t h e  tangent 
po in t  r 

Rendezvous Between S a t e l l i t e s  i n  Circular Orbi ts  

I n  the spec ia l  case of going from one c i r c u l a r  o r b i t  t o  another, 
it i s  possible  t o  w a i t  for t h e  correct angular r e l a t i o n  before enter ing 
the  t r a n s f e r  e l l i p s e  so  t h a t  t h e  s a t e l l i t e s  w i l l  meet on t h e  f i rs t  pass 
of t h e  maneuverable s a t e l l i t e  through t h e  tangent point.  
from t h e  inner t o  t h e  outer  o r b i t ,  the outer  s a t e l l i t e  must l e a d  t h e  
inner  s a t e l l i t e  by the angle 

For a t r a n s f e r  

when the  maneuverable s a t e l l i t e  enters  t h e  t r a n s f e r  o r b i t .  
t h e  r a t i o  of t h e  outer  t o  the  inner  o r b i t a l  radii. 
t r a n s f e r  from the  outer  t o  the  inner  orb i t ,  the  outer  s a t e l l i t e  must 
lead by an angle 

Here, p i s  
I n  the  reverse  case, 

@2,1 = 180 [v)3’2 - .], deg 

when the  maneuverable s a t e l l i t e  enters  t h e  t r a n s f e r  o r b i t .  I n  terns of  
the  inner  c i r c u l a r  o r b i t  ve loc i ty  v ~ , ~ ,  t h e  magnitudes of the  v e l o c i t y  
increments t o  change between t h e  c i rcu lar  o r b i t s  and t h e  t r a n s f e r  o r b i t  
are, f o r  the  inner o r b i t ,  

and, f o r  the  outer  o r b i t ,  

Equations (15) t o  (18) are derived i n  appendix C. 

The quant i t ies  AVl, AV2, 01,2,  and 0 2 , 1  are  p l o t t e d  i n  f i g u r e  2 
as a funct ion of the radius r a t i o  p. A t  radius rl, AVl i s  added t o  
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go from the c i r c u l a r  t o  t h e  t r a n s f e r  o r b i t  or subtracted t o  go from the 
t r a n s f e r  t o  the c i r c u l a r  o r b i t .  Likewise, a t  radius 1-2, AV, i s  sub- 
t r a c t e d  to  go from the  c i r c u l a r  t o  the t r a n s f e r  o r b i t  or added t o  go 
from the t r a n s f e r  t o  the  c i r c u l a r  o r b i t .  

From f igure  2 it can be seen t h a t  it i s  more c o s t l y  i n  veloci ty  t o  
t r a n s f e r  a s a t e l l i t e  between c i r c u l a r  o r b i t s  with radius r a t i o s  grea te r  
than about 3 . 2  than it i s  t o  escape the grav i ta t iona l  f i e l d  of the  
planet  from the  inner o r b i t  s ince the  escape -velocity i s  only @ times 
t h e  c i rcu lar  velocity.  

Rendezvous Between S a t e l l i t e s  i n  the  Same Circular  Orbit  

M 
I 
w 
N 
N 

I f  two s a t e l l i t e s  happen t o  be i n  the same c i r c u l a r  o r b i t ,  two 
One method i s  t o  a l t e r  t h e  methods can be used t o  rendezvous them. 

period of the  maneuverable s a t e l l i t e  as w a s  described for tangent or-  

b i t s .  

angular separation between t h e  s a t e l l i t e s  0 i s  considered pos i t ive  
when measured from t h e  maneuverable t o  t h e  nomaneuverable s a t e l l i t e  
i n  t h e  direct ion of revolution. Subst i tut ing for A t  i n  equation (12) 
gives 

The 0 
n 360' For two s a t e l l i t e s  i n  the  same c i r c u l a r  o r b i t ,  A t  = P 

b 

Subst i tut ing equations ( 7 )  and ( 2 )  i n  the  form 

gives 

2 2 3 / 2  2vc - vc 0 
3 60N - = - 

- (vc  + AvFJ 
This can be w r i t t e n  as 

where 

AV AV = - 
vC 
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This equation i s  p l o t t e d  i n  f igure 3. The magnitude of the  negative 
veloci ty  increments i s  l imited t o  t h a t  which would lower the perigee 
point  t o  the atmosphere. 

Since the v e l o c i t i e s  of the  s a t e l l i t e s  need t o  be the same when 
they meet, another Av, equal but opposite, i s  required,  which makes t h e  
t o t a l  cos t  2 Av. The t o t a l  required ve loc i ty  can be very s m a l l  by mak- 
ing the  number of revolutions N large. A dimensional p l o t  of t h i s  i s  
shown i n  f igure  4 f o r  a 300-mile o r b i t  about the  Earth. 

The second method i s  t o  change the c i r c u l a r  ve loc i ty  with an impulse 
and then balance the  excess or defect  i n  cent r i fuga l  force with a contin- 
uous r a d i a l  t h r u s t  t o  keep the maneuverable s a t e l l i t e  i n  the same circu- 
lar o r b i t  while it is  catching up t o  the nomaneuverable s a t e l l i t e  (+Av) 
or while the  nonmaneuverable s a t e l l i t e  is  catching up t o  it (-Av> . This 
method i s  of ten  considered but is  much more cos t ly  i n  veloci ty .  

The ve loc i ty  cost  of i n i t i a t i n g  and stopping the maneuver i s  12 Av l .  
The cos t  of holding the vehicle i n  the same o r b i t  can be expressed as a 
ve loc i ty  because it i s  an acceleration f o r  a length of time. Centrifu- 
g a l  accelerat ion CA i s  proportional t o  ve loc i ty  squared i f  the  radius 
i s  constant. 2 Since the vehicle i s  orbi t ing,  CA = gr = v /r: 

2 + Av 
CA + E A  = g r b  vc ) 

2 
The excess or defect  ACA = gr [2; - + (er] where gr = g$) . 

The length of time t h i s  acceleration would be needed i s  equal t o  
the dis tance divided by the rate o f  closure: 

D Time = - Av 

Time mult ipl ied by 
calculat ing rocket 
balancing t h e  ACA 

accelerat ion i s  equivalent t o  
propellant r a t i o s  so t h a t  the  
i s  

l i n e a r  ve loc i ty  f o r  
ve loc i ty  equivalent of 
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Thus, the maneuver requirement i n  l i n e a r  veloci ty  i s  

Requirement = 12 Avl + gr (.". - + $D 

2 Let t ing gr = p/r2 and r = p/vc gives 

g r  = v:/p 

and 

f o r  0 i n  degrees. Subst i tut ing i n t o  equation (22)  and dividing by vc 
y i e l d  

( 2 3 )  
Velocity requirement - 

vC 

This equation i s  p l o t t e d  i n  f igure  5. A dimensional p l o t  i s  given i n  
f igure  6 f o r  a 300-mile-altitude o r b i t  about the  Earth. 
i t y  requirements of f igure  5 with those of f igure  3 shows the  g r e a t e r  
velocity needed i n  the method balancing t h e  cent r i fuga l  force.  

1 Comparing veloc- 

General Remarks on Orbi ta l  Rendezvous 

It should be remembered t h a t  i n  an ac tua l  rendezvous one would com- 
bine plane changes with changes i n  the  o r b i t  whenever it would reduce 
t h e  t o t a l  rendezvous velocity requirement. Also, it i s  b e s t  t o  launch 
the  maneuverable s a t e l l i t e  i n t o  an o r b i t  t h a t  i s  i n  t h e  same plane and 
tangent t o  the perigee point but otherwise e n t i r e l y  within the  o r b i t  of 
t h e  nonmaneuverable s a t e l l i t e .  I n  t h i s  case, it i s  possible t o  make an 
o r b i t a l  rendezvous without exceeding the t o t a l  veloci ty  required f o r  a 
d i r e c t  rendezvous. 

EFFECTS DUE TO OBLATENESS 

I n  the  previous sect ions of t h i s  report  it has been assumed t h a t  t h e  
planets a r e  spheres and, therefore ,  t h a t  t h e  grav i ta t iona l  a t t r a c t i o n  
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act ing on tlie s a t e l l i t e s  i s  an inverse-square c e n t r a l  force.  
because of r o t a t i o n  about t h e i r  own axes some of the  planets  have t h e  
form of an oblate  spheroid. 
when an e l l i p s e  i s  ro ta ted  about i t s  minor axis. A measure of t h i s  
" f la t ten ing"  of the  planet  i s  i t s  oblateness, which i s  defined as the 
r a t i o  of  the  difference between t h e  equatorial  and polar  r a d i i  t o  t h e  
equator ia l  radius.  The value of oblateness f o r  the  planets  ranges from 
zero f o r  Mercury and Venus t o  1/9.5 f o r  Saturn. 
Earth i s  1/297.0. 

However, 

An oblate spheroid i s  the  s o l i d  body formed 

The oblateness of the  

The motion of a s a t e l l i t e  i n  the  grav i ta t iona l  f i e l d  of an obla te  
body i s  d i f f e r e n t  from i t s  motion about a sphere. The e f f e c t s  of t h e  
Ear th ' s  oblateness on the motion of a s a t e l l i t e  have been considered i n  
several  reports  ( refs .  8 t o  13).  Similar s tud ies  can be made f o r  o r b i t s  
about t h e  other  planets.  

I n  the remainder of t h i s  report ,  the  e f f e c t  of oblateness on the 
r e s u l t s  obtained i n  the previous sections w i l l  be considered. The d is -  
cussion w i l l  be l imi ted  t o  the case of the  Earth. 
papers dealing with motion about t h e  oblate Earth a re  l imi ted  i n  types 
and posi t ions of o r b i t s  considered, the mater ia l  used herein w a s  taken 
from reference 8. I n  t h i s  reference, the general  case i s  solved by a 
method of perturbations f o r  an o r b i t  with e c c e n t r i c i t y  l e s s  than 0.05 
and any incl inat ion.  The pr inc ipa l  assumption made i n  reference 8, 
o ther  than t h a t  of l imi ted  eccentr ic i ty ,  i s  t h a t  atmospheric e f f e c t s  a re  
neglected. This i s  compatible with the assumption t h a t  the  rendezvous 
w i l l  take place outside t h e  atmosphere. 
t r i c i t i e s  i s  the  most l imit ing,  but it i s  indicated i n  the  reference 
t h a t  similar e f f e c t s  due t o  oblateness a r e  expected i n  o r b i t s  with 
l a r g e r  e c c e n t r i c i t i e s .  

Since many of the 

The assumption of s m a l l  eccen- 

The motion of a s a t e l l i t e  is  determined by the  l o c a l  g r a v i t a t i o n a l  
f i e l d .  The gravi ta t iona l  p o t e n t i a l  at a dis tance r from the  center  of 
a sphere i s  

R 2  u =  g -  r 

while t h e  p o t e n t i a l  at a dis tance r from the  center  of the  Earth can 
be approximated by 

where 

3 J = 1.637xlO- 
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F = 10. 6X10-6 

e 

2 g = 32.146 f t / s e c  

R = 3963.26 miles 

While equation (24) leads t o  an inverse-square c e n t r a l  force,  d i f fe ren-  
t i a t i o n  of equation (25) gives a component of force i n  both the r a d i a l  
and tangential  d i rec t ions .  This noncentral force f i e l d  leads t o  four  SF' important var ia t ions  i n  the  motion of a s a t e l l i t e  as compared with the  (A 

motion i n  an inverse-square c e n t r a l  force f i e l d .  It is  these var ia t ions  N 
N 

t h a t  must be considered i n  the problem of rendezvous. The e f f e c t s  of 
these variations on the i d e a l  rendezvous w i l l  be given both f o r  general  
rendezvous and f o r  the spec i f ic  example of a rendezvous between a s a t e l -  
l i t e  i n i t i a l l y  i n  a c i r c u l a r  o r b i t  a t  a r a d i a l  distance of 4200 miles 
with a s a t e l l i t e  i n  a c i r c u l a r  o r b i t  at a distance of 4300 miles.  Actu- 
a l l y ,  as w i l l  be shown l a t e r ,  c i r c u l a r  o r b i t s  are not possible  f o r  o r b i t s  
with incl inat ions grea te r  than zero. The c i r c u l a r  o r b i t s  re fer red  t o  i n  
t h i s  section of the report  a re  as close t o  t r u e  c i r c u l a r  o r b i t s  as pos- 
s i b l e  about an oblate  planet .  The expressions given herein f o r  the  v a r i -  
a t ions are correct  up t o  terms of order 5'. 

The f i r s t  of these var ia t ions i s  a change i n  the  period. The period, b 
i f  defined as the time elapsed between consecutive northward crossings of 
the  Equator, i s  

Jg  2 6  R 11 cos 2 i - 5 , 3e2) 

h4 2 2 

where h i s  t h e  angular momentum per unit mass. Equation (26 )  indicates  
a decrease i n  period of amount 

2 2 2aJR 11 cos i - 5 
2 

Ap=- 
h 

compared with the  period f o r  motion about a sphere. The change i n  period 
AP is  plotted i n  f igure  7 ( a )  as a function of i and r f o r  a c i r c u l a r  
o r b i t .  For the spec i f ic  rendezvous considered, the r e l a t i v e  change i n  
periods due t o  oblateness i s  shown i n  f igure  8 ( a ) .  This difference i s  t o  
be subtracted from the  difference i n  period (199 see)  due t o  the  d i f f e r -  
e n t  radial  distances of the  two s a t e l l i t e s .  The m a x i m u m  change i n  the 
r e l a t i v e  periods i s  l e s s  than one-f i f th  of a percent of 
ence i n  period. This change can therefore  be neglected 
dezvous requiring t o t a l  times equal t o  a few periods i f  
o r b i t s  are or ig ina l ly  within approximately 100 miles of 
r e l a t i v e  change i n  period becomes vanishingly small for 
cl inat ions between 45O and 50°. 

t h e  t o t a l  d i f f e r -  
i n  cases of ren- 
the s a t e l l i t e  
each other.  The 
o r b i t s  with in-  
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.u I n  order t o  examine the  other  differences between s a t e l l i t e  motion 
about an oblate  body and motion about a sphere, it i s  convenient t o  
think of both o r b i t s  as lying i n  a plane. The o r b i t a l  plane f o r  motion 
about a sphere is  fixed. The second var ia t ion  i n  the  o r b i t  due t o  
ob1a;teness i s  a r o t a t i o n  of the  o r b i t a l  plane about the Ear th ' s  axis.  
It i s  t o  be remembered t h a t ,  although t h e  o r b i t a l  plane r o t a t e s ,  t h e  
angle of i n c l i n a t i o n  of the plane remains constant. The mean r a t e  of 
r o t a t i o n  i n  degrees per  day is  

- -  dl;2 360Jg2R6 cos 
Ph4 d t  - 

where P i s  i n  days. The d i rec t ion  o f  t h e  r o t a t i o n  i s  opposite the  
d i r e c t i o n  of revolution of the  s a t e l l i t e  i n  i t s  o r b i t .  The rate of ro ta -  
t i o n  is  p l o t t e d  i n  f igure  7(b) as a function of i and r f o r  c i r c u l a r  
o r b i t s .  

Although the  o r b i t a l  plane rotates ,  it i s  s t i l l  possible  t o  launch 
satell i tes i n  o r b i t s  t h a t  a re  a t  some time coplanar. The instantaneous 
plane of the orb i t ing  s a t e l l i t e  w i l l  s t i l l  pass over t h e  launching pad 
at l e a s t  once a day. The time between passages can be computed allowing 
f o r  the r o t a t i o n  of the o r b i t a l  plane. Since t h e  r a t e  of r o t a t i o n  of 
the  o r b i t a l  plane depends on both the period and the  angular momentum, 
it w i l l  be d i f f e r e n t  f o r  s a t e l l i t e s  at d i f f e r e n t  mean a l t i t u d e s  but with 
the  same angle of incl inat ion.  It i s  the difference i n  r a t e  of r o t a t i o n  
t h a t  i s  important i n  rendezvous. Figure 8(b) shows t h i s  difference for 
t h e  s p e c i f i c  example considered. This r e l a t i v e  r o t a t i o n  i s  g r e a t e s t  f o r  
an equator ia l  o r b i t  where it i s  about 0.65' per  day and reduces t o  zero 
f o r  a polar  o r b i t .  
ample means a separation of about 48 miles per day or 3 miles per  period. 
This can be considered as a maximum value for two o r b i t s  d i f f e r i n g  i n  
a l t i t u d e  by ,100 miles as the r a t e  of ro ta t ion  a l so  decreases with in-  
creasing a l t i t u d e .  Thus, only i f  t h e  radial dis tances  are grea t ly  dif- 
f e r e n t  w i l l  the  difference i n  r a t e  be appreciable. If the  rendezvous i s  
t o  take place between satel l i tes  i n  the same o r b i t  or i f  the  rendezvous 
i s  t o  take place very shor t ly  a f t e r  the maneuverable s a t e l l i t e  i s  i n  
o r b i t ,  the  e f f e c t  of o r b i t a l  r o t a t i o n  c a n  be assumed negl igible .  If, on 
t h e  other  hand, t h e  rendezvous i s  between s a t e l l i t e s  i n  o r b i t s  with 
grea t ly  d i f f e r i n g  radial distances or w i l l  take place long a f t e r  t h e  
s a t e l l i t e s  are put i n t o  o r b i t ,  the  difference i n  the  o r b i t a l  plane ro ta -  
t i o n  rates can be ant ic ipated,  and the  maneuverable s a t e l l i t e  can be 
launched i n  a plane such t h a t  t h e  two o r b i t s  w i l l  be coplanar a t  t h e  
time of rendezvous. 

The r e l a t i v e  ro ta t ion  of 0.65' per  day i n  t h i s  ex- 

The t h i r d  var ia t ion  i s  a r o t a t i o n  of t h e  d i rec t ion  of t h e  major 
axis  which i s  not present for motion about a sphere. The rate of rota-  
t i o n  i n  degrees per day is 
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where P is  i n  days. It should be noticed t h a t  s ince t h i s  r o t a t i o n  i s  
2 2 proportional t o  

i = 63.4Oj and t h e  r o t a t i o n  w i l l  be i n  the opposite d l rec t ion  for 
grea ter  i. The d i rec t ion  of r o t a t i o n  f o r  i < 63.4' i s  i n  the  same 
direct ion as the motion of the  s a t e l l i t e  i n  i t s  o r b i t .  
i s  given i n  f igure 7 ( c )  as a function of i and r for c i r c u l a r  o r b i t s .  

5 cos i - 1 there  w i l l  be no r o t a t i o n  f o r  cos i = 1/5, 

A p l o t  of dS/dt 

The r e l a t i v e  r a t e  of r o t a t i o n  f o r  the  s p e c i f i c  example considered 
i s  shown i n  f igure 8 ( c ) .  
t h a t  of the ro ta t ion  r a t e  of the  plane and therefore  must be taken i n t o  
consideration i n  rendezvous computations. This e f f e c t  en ters  the prob- 
lem of rendezvous pr inc ipa l ly  i n  cases where the  approach s a t e l l i t e  i s  
i n  an e l l i p t i c a l  o r b i t  tangent t o  t h e  c i r c u l a r  o r b i t  of the  orb i t ing  
s a t e l l i t e .  Since the major axes are  ro ta t ing ,  the  point  of tangency i s  
moving. 

The magnitude of t h e  e f f e c t  i s  l a r g e r  than 

The fourth and f i n a l  e f f e c t  due t o  oblateness i s  a var ia t ion  i n  t h e  
r a d i a l  distance. The r a d i a l  distance i s  given by 

J;?' (5 coszi  - 3 s i n  2 i 
+- 1 

6 
- = [1+ e cos($ - A) + - 

h2 

-- 5Je g2R6 s i n 2 i  C O S ( ~ \ )  - 
24 h4 

where 
t h e  northern hemisphere and A i s  the  angle $ measured t o  t h e  perigee 
point .  
assumed radial distance of 4400 miles i s  given i n  f igure  9 as a funct ion 
of $ for vasious values of i. The only case f o r  which an ac tua l  c i r -  
c u l a r  orb i t  i s  possible i s  for i equal t o  zero. However, i f  two sat- 
e l l i t e s  have the  same ef fec t ive  l a t i t u d e ,  angular momentum, and r a d i a l  
distance a t  a s ingle  given value of 9, t h e i r  o r b i t s  w i l l  be i d e n t i c a l .  
I n  general, the  e f f e c t  of v a r i a t i o n  i n  r a d i a l  dis tance can be neglected 
i n  rendezvous. 

$ i s  t h e  angular dis tance from the point  of maximum l a t i t u d e  i n  

The var ia t ion  i n  r a d i a l  dis tance f o r  a c i r c u l a r  o r b i t  a t  an 

Thus, it i s  seen t h a t  while some of the e f f e c t s  due t o  t h e  oblate- 
ness of t h e  Earth a re  s m a l l ,  they m u s t  be taken i n t o  consideration i n  
attempting a rendezvous. 
planetary vehicles a re  put i n t o  o r b i t  about the o ther  planets.  
nitude of t h e  e f f e c t s  will increase with increasing oblateness. However, 
f o r  planets with l a r g e  values of  oblateness such as J u p i t e r ,  Saturn, 
Uranus, and Neptune, the e f f e c t s  due t o  oblateness may be considerably 
d i f fe ren t  from those mentioned f o r  t h e  Earth. 

Similar e f f e c t s  w i l l  be observed when i n t e r -  
The m a g -  
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A general  study of t h e  problems involved i n  performing a rendezvous 
between two s a t e l l i t e s  or other space vehicles  i n  o r b i t  around a planet  
i s  presented. The problem is  simplified by assuming t h a t  t h e  motion of 
each s a t e l l i t e  i s  obtained by a solution of t h e  two-body problem, t h a t  
only one of the  vehicles  i s  maneuverable, and t h a t  all v e l o c i t y ' i n c r e -  
ments o ther  than f o r  plane changes are added tangent ia l ly .  Rendezvous 
perfomed outside the  atmosphere i s  the only case considered. The re-  
sults are f o r  o r b i t s  around a spherical  p l a n e t j  however, the  e f f e c t s  on 
these results due t o  an obla te  planet are discussed. The oblateness 
used i s  t h a t  of the Earth. The following conclusions were reached. 

The most e f f i c i e n t  method of rendezvous i n  terms of both t o t a l  ve- 
l o c i t y  and time required i s  performed by launching the  maneuverable ve- 
h i c l e  at  such a time and with the necessary i n i t i a l  conditions t h a t  t h e  
rendezvous i s  completed t h e  i n s t a n t  the vehicle en ters  o r b i t .  This type 
of rendezvous i s  c a l l e d  d i r e c t  rendezvous. 

Direct  rendezvous i s  l imi ted  i n  usefulness because of t h e  r i g i d  re- 
quirements on times of launching of the maneuverable vehicle and the  
possible  periods f o r  t h e  nonmaneuverable vehicle.  

Orbital rendezvous, where both vehicles a r e  i n i t i a l l y  i n  o r b i t ,  i s  
not l imi ted  by the  r i g i d  requirements of d i r e c t  rendezvous and i s  there-  
fore  of grea t  importance. 

If possible,  the  i n i t i a l  o r b i t s  should be coplanar before an o r b i t a l  
rendezvous i s  attempted. Plane changes require  l a r g e  ve loc i ty  increments 
and should be avoided. 

A g r e a t e r  t o t a l  ve loc i ty  increment i s  required t o  t r a n s f e r  a vehicle  
between c i r c u l a r  o r b i t s  with radius r a t i o s  g r e a t e r  than about 3.2 than t o  
follow an escape t r a j e c t o r y  from the  inner o r b i t .  

The t o t a l  veloci ty  increment required t o  br ing together  two vehicles  
i n i t i a l l y  i n  the  same o r b i t  can be made very s m a l l  i f  t h e  t i m e  allowed 
f o r  the maneuver is  not c r i t i c a l .  

If the planet  has the  shape o f  an ob la te  spheroid r a t h e r  than t h a t  
of a sphere, c e r t a i n  var ia t ions  occur i n  the  r e l a t i v e  o r b i t s  of t h e  ve- 
h ic les .  The var ia t ions,  although s m a l l  i n  c e r t a i n  cases,  must be taken 
i n t o  consideration i n  attempting a rendezvous. 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, July 16,  1959 
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APPFXDIX A 

SYMBOLS 

V 

I 

a 

b 

CA 

D 

d 

e 

F 

G 

i 

J 

M 

m 

N 

n 

P 

R 

r 

T 

t 

U 

semimajor axis 

defined i n  sketch (d)  

centr i f  u g d  accelerat ion 

distance 

defined i n  sketch (d) 

eccent r ic i ty  

10.6x10-6 

universal g rav i ta t iona l  constant 

loca l  constant of gravi ty  

angular momentum per  u n i t  m a s s  

inc l ina t ion  of o r b i t  

1.637~10~~ 

mass of planet  

integer  

number of revolutions 

integer  

period 

equatorial. radius of planet  

r a d i a l  dis tance 

s iderea l  day 

time 

gravi ta t iona l  p o t e n t i a l  
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v dimensionless veloci ty  
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V veloci ty  

a defined by eq. (5) 

B l a t i t u d e  of launching s i t e  

Y angle between i n i t i a l  and f i n a l  o r b i t a l  planes 

6 

5 
rl defined by eq. (1) 

angle through which major axis has ro ta ted  i n  o r b i t a l  plane 

angle between e a s t  and launching d i rec t ion  of s a t e l l i t e  

0 angular separation between s a t e l l i t e s  as seen from center  of 
planet  

6 angle between r o t a t i o n a l  axis and r a d i a l  l i n e  

h angle between point of maximum l a t i t u d e  i n  northern hemisphere 
and perigee point 

I-1 GM 

5 angle between eas t  and direct ion of o r b i t  over launching s i t e  

P r a t i o  of outer  t o  inner  radii of c i r c u l a r  o r b i t s  

cp angular dis tance of s a t e l l i t e  from perigee point  

4J angular dis tance of s a t e l l i t e  from point  of m a x i m u m  l a t i t u d e  

R 

Subs c r i p  t s : 

b a t  dis tance b 

angle through which o r b i t a l  plane has ro ta ted  

C c i r c u l a r  

a a t  dis tance d 

. m maneuverable s a t e l l i t e  

n nonmaneuverable s a t e l l i t e  
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P 

R 

r 

T 

1 

2 

perigee 

a t  surface of planet  

a t  distance r 

t ransfer  o r b i t  

o rb i t  1 

orbi t  2 
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APPENDIX B 
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BURNOUT VELOCITY REQUYiED TO PLACE A SATELLITE I N  A GIVEN 

CIRCULAR ORBIT WHEN ISluNCRED FROM A SITE OFF THE EQUATOR 

It can be shown t h a t  no increase i n  burnout ve loc i ty  i s  necessary 
when t h e  launching s i t e  i s  off  t h e  equator f o r  c i r c u l a r  o r b i t s  with 
angle of inc l ina t ion  grea te r  than zero. The l a t i t u d e  of t h e  launching 
s i t e  must, however, be no greater  than t h e  angle of inc l ina t ion  of t h e  
o r b i t .  For simplici ty ,  it i s  assumed t h a t  t h e  l a t i t u d e  of t h e  launch- 
ing s i t e  and the  l a t i t u d e  a t  which the s a t e l l i t e  enters  o r b i t  a re  t h e  
same. 

Consider the  burnout veloci ty  required t o  e s t a b l i s h  a s a t e l l i t e  i n  
a c i r c u l a r  o r b i t  with veloci ty  vc and angle of i n c l i n a t i o n  i > 0. If 
t h e  p lane t  were not ro ta t ing ,  it would be possible  t o  put the s a t e l l i t e  
i n t o  t h e  given c i r c u l a r  o r b i t  from any launching s i t e  a t  l a t i t u d e  p < i 
with t h e  same burnout velocity.  However, r o t a t i o n  of the  planet  in t ro-  
duces a l i n e a r  ve loc i ty  vR t o  any s a t e l l i t e  f i r e d  eastward from a 
launching s i t e  on the  equator. For the Earth, vR 
f e e t  p e r  second. A t  l a t i t u d e  p, the magnitude of t h i s  r o t a t i o n a l  ve- 
l o c i t y  i s  vR cos p.  

i s  approximately 1500 

To launch a s a t e l l i t e  from a s i t e  a t  l a t i t u d e  p i n t o  the  c i r c u l a r  
o r b i t ,  the  r e s u l t a n t  velocity, a combination of burnout ve loc i ty  and ve- 
l o c i t y  due t o  the r o t a t i o n  of the  planet, must be equal t o  t h e  c i r c u l a r  
ve loc i ty  vc and make am angle 5 with the p a r a l l e l  o f  l a t i t u d e  i n  the  
eastward direct ion.  This is shown i n  sketch (e) : 

North I pole 

Launch 
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The veloci ty  vector diagram which indicates  the  required burnout veloc- 
i t y  i s  show;? i n  sketch ( f ) .  The required burnout -velocity must be i n  a 

direct ion making angle 
have a magnitude vB. From sketch (f), 

5 with t h e  eastward p a r a l l e l  o f  l a t i t u d e  and 

vc cos 5 = v cos p vB cos 5 R 

vc s i n  5 = vB s i n  5 

which gives 

2 2  2 
VB = vc - 2VRVC cos r; cos p + vi cos p 

and 
vc s i n  5 

t a n  5 = vc cos 5 - vR cos p 

From spherical  trigonometry, 

cos i cos 5 = - cos p (B3) 1 2 s i n  5 = - (cos p - cos i) cos p 

2 2. 112 vc(cos p - cos 1) 
t an  5 = 7 

vC COS i - vR  COS"^ 

Examination of equation (B4) indicates  t h a t  for a given i > 0 as p 
approaches i, vB becomes smaller,  and, therefore,  the  maximum burnout 
veloci ty  is needed when t h e  s a t e l l i t e  i s  launched on t h e  equator. 
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APPENDIX c 

DERIVATION OF EQUATIONS FOR RENDEZVOUS BETWEEN CIRCULAR ORBITS 

Equations (15) t o  (18) are  derived as follows. The Av f o r  chang- 
ing from o r b i t  1 t o  the  t r a n s f e r  o r b i t  i s ,  from equations (8) t o  (10) t 

Dividing through by v and simplifying give c 7 1  

AVl = - 1  
4 

where p = r2/rl. 

Likewise, t o  change from the  t r a n s f e r  o r b i t  t o  c i r c u l a r  o r b i t  22 

and simplifying give 
c 

Dividing by v 

During the  t i m e  of t r a n s f e r  from the inner t o  t h e  ou te r  o r b i t ,  t h e  
outer  s a t e l l i t e  w i l l  t r a v e l  through an angular dis tance o f  180 - O1 
degrees. The angular dis tance i s  e q u d  t o  the  time i n  the  t r a n s f e r  
o r b i t  t i m e s  t h e  r a t e  of angular t r a v e l  of t h e  outer  sa te l l i t e :  

'T 360 180 - C $ 2  = - - 
p 2  
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Using equation (12)  and simplifying, 

01,2 = 180[1 - ( rl Zr2 + '2 ,"I 
o r  

@1,2 = ,no[. - (yyq ( C 6 )  F 
w 
f\) 
f\) 

Likewise, during the  time of t r a n s f e r  from the  outer  t o  the  inner  o r b i t ,  
t h e  inner s . a t e l l i t e  w i l l  t r a v e l  through an angular dis tance of 
180 + 02,1 degrees and 

@2,1 = 180[(7) 1 + p 3/2 - 1- 
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'I I I I 

v e l o c i t y  

Veloc i ty  
requirement 

0 
Angle of change, y, deg 

3 

Figure 1. - Veloc i ty  requirement for changing plane o r  d i r e c t i o n .  
Veloc i ty  requirement Y- 

S a t e l l i t e  v e l o c i t y  2 = 2 s i n  -, d i r e c t i o n  change 

Y 
2 = '2 s i n  -, plane change Ve 1 oc it y re q u i r  eme n t  

S a t e l l i t e  v e l o c i t y  perpendicular  t o  r a d i u s  
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(a)  Difference i n  va r i a t ion  of periods.  

(b) Difference i n  ro t a t ion  of o r b i t a l  planes.  
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( c )  Difference in  r o t a t i o n  of major axes. 

Figure 8. - Rela t ive  var ia t ions  due t o  oblateness of 
Earth between a c i rcu lar  o r b i t  a t  a radius of 4200 
miles and a c i r cu la r  o r b i t  at a rad ius  of 4300 miles. 
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Figure 9 .  - Variat ion i n  r a d i a l  dis tance due t o  oblateness 
of Earth for c i r c u l a r  o r b i t  a t  a nominal r a d i a l  dis tance 
of 4400 miles .  

NASA - Langley Field, va. E-322 


